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We evaluate the spin squeezing dynamics of N independent spin-1/2 particles with exchange
symmetry. Each particle couples to an individual and identical reservoir. We study the time
evolution of spin squeezing under the influence of different decoherence. The spin squeezing property
vanishes with evolution time under Markovian decoherence, while it collapses quickly and revives
under non-Markovian decoherence. As spin squeezing can be regarded as a witness of multipartite
entanglement, our scheme shows the collapses and revivals of multipartite entanglement under the
influence of non-Markovian decoherence.
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I. INTRODUCTION
Quantum correlation has been playing a central role in quantum information science and has also found many
promising applications such as achieving interferometric [1–4] and enhancing the signal-to-noise ratio in spectroscopy
[5, 6] beyond the standard quantum noise limit. The spin squeezed state is one kind of quantum correlated states
[7, 8] with reduced fluctuations in one of the collective spin components, which can be used to improve the precision
of atomic interferometers and atomic clocks. As an important quantum correlation, entanglement is based on the
superposition principle combined with the Hilbert space structure, while spin squeezing is originated from another
fundamental principle of quantum mechanics—the uncertainty principle. It has been proved that the spin squeezing
is closely related to and implies quantum entanglement [3, 5, 9–11]. As a measure of multipartite entanglement spin
squeezing is relative easy to be operated and measured.
To evaluate the potential application of quantum correlations such as spin squeezing and entanglement, it is there-
fore essential to include a realistic description of noise in experiments of interests [12]. The dynamics of entanglement
in open systems has been broadly studied [13]. A peculiar aspect of the entanglement dynamics is the well known “en-
tanglement sudden death” phenomenon [14–16] and recently the “sudden death” of spin squeezing during a Markovian
process has been investigated [17, 18]. The unidirectional flow of information in which the decoherence and noise act
2consistently, characterizes a Markovian process. However, there are some systems such as condensed-matter systems
which are strongly coupled to the environment and the coupling leads to a different regime where information also
flows back into the system from the surroundings, which characterizes a non-Markovian process. Memory effects
caused by the information flowing back to the system during a non-Markovian process can temporarily interrupt the
monotonic increases or decreases of distinguishability such as spin squeezing parameter. In this paper we study the
spin squeezing dynamics of N independent spin-1/2 particles with exchange symmetry which are coupled to individual
and identical non-Markovian decoherence channels and show the collapses and revivals of spin squeezing.
II. SPIN SQUEEZING DEFINITIONS
We consider an ensemble of N two-level particles with lower (upper) state |↓〉 (|↑〉). Adopting the nomenclature of
spin-1/2 particles, we introduce the total angular momentum
~J =
N∑
j=1
~Sj , (2.1)
where ~Sjz =
1
2
σˆjz =
1
2
(
|↑〉j 〈↑| − |↓〉j 〈↓|
)
. At this point, it is convenient to introduce the following definition of spin
squeezing parameter [5, 19]
ξ2 =
N
(
∆J~n⊥
)2
min
〈 ~J〉2
. (2.2)
Here the minimization is over all directions denoted by ~n⊥, perpendicular to the mean spin direction ~n = 〈 ~J〉/|〈 ~J〉|.
If ξ2 < 1 is satisfied, the spin squeezing occurs and the N -qubit state is entangled.
There are also other definitions for spin squeezing parameters which might show different sensitivities to the deco-
herence channels. We introduce another parameter defined by To´th et al. [11]
ξ′2 =
λmin
〈 ~J2〉 −N/2
, (2.3)
where λmin is minimum eigenvalue of the matrix Γ = (N − 1)Υ +C with Υkl = Ckl − 〈Jk〉〈Jl〉 for k, l ∈ {x, y, z} the
covariance matrix and C = [Ckl] with Ckl = 〈JlJk + JkJl〉/2 is the global correlation matrix.
III. ONE-AXIS TWISTED SPIN SQUEEZED STATES
Now we introduce one kind of spin squeezed states—one-axis twisted spin squeezed states. Consider an ensemble of
N spin-1/2 particles with exchange symmetry and assume that the dynamical properties of the system can be described
3by collective operators Jα, α = x, y, z. The one-axis twisting Hamiltonian [20–22] is an Ising-type Hamiltonian
Hˆ =
∑
j 6=k
1
4
f(j, k)
(
I− σˆjz
)⊗ (I− σˆkz ) , (3.1)
which involves all pairwise interactions with coupling constant f(j, k).
The one-axis twisted spin squeezed state [23–25] can be prepared by the evolution of the above Hamiltonian
|ψt〉 = exp
(
−iHˆt
)
|+〉⊗N =
∏
j 6=k
exp
[
− i
4
f(j, k)tσˆjzσˆ
k
z
]
|+〉⊗N , (3.2)
where |+〉 = (|↑〉+ |↓〉) /√2. If we choose the evolution time to satisfy f(j, k)t = mπ with m an integer, the state |ψt〉
is a product state. If f(j, k)t = (2m+ 1)π/2, |ψt〉 becomes a graph state. For 0 < f(j, k)t < π/2, |ψt〉 is a one-axis
twisted spin squeezed state characterized by spin squeezing parameter ξ (ξ′).
The spin squeezing parameter ξ of the one-axis twisted spin squeezed state with all coupling coefficients satisfying
f(j, k)t = α takes this form
ξ2 =
1− (N − 1) [√A2 +B2 −A] /4
cos2N−2 α
, (3.3)
where
A = 1− cosN−2 (2α) , B = 4 sinα cosN−2 α. (3.4)
The mean spin direction for the one-axis twisted spin squeezed state is
~n = (cos (Nα) , sin (−Nα) , 0) , (3.5)
and the orthogonal direction is
~n⊥ = (− cosφ sin (−Nα) , cosφ cos (Nα) , sinφ) . (3.6)
The minimum spin squeezing parameter with respect to α is obtained ξ ∝ 1/N1/3 shown in Fig. 1.
The spin squeezing parameter with another definition ξ′ of the one-axis twisted spin squeezed state above takes the
form
ξ′2 =
min(a, b)
(1− 1/N)(1 + cosN−2 2α)/2 + 1/N , (3.7)
where
a = 1− (N − 1)(
√
A2 +B2 −A)/4, (3.8)
b = 1 + (N − 1) [(1 + cosN−2 2α)/2− cos2N−2 α] .
4IV. EVOLUTION OF SPIN SQUEEZING IN THE PRESENCE OF DECOHERENCE
For a single qubit coupled to a noisy channel which is described by a thermal reservoir, the evolution of this qubit
is governed by a general master equation of a Lindblad form
d
dt
χ = i
[
Hˆr, χ
]
+ Lχ, (4.1)
where the reference system is
Hˆr =
∆
2
N∑
j=1
σˆjz (4.2)
with ∆ is the strength of the external field. The optimal spin squeezed states are eigenstates of the Hamiltonian [26].
Whereas, the incoherent processes are described by the superoperator L:
Lχ = − b
2
(1− s) [σˆ+σˆ−χ+ χσˆ+σˆ− − 2σˆ−χσˆ+] (4.3)
− b
2
s [σˆ−σˆ+χ+ χσˆ−σˆ+ − 2σˆ+χσˆ−]
−2c− b
8
[2χ− 2σˆzχσˆz ] ,
with σˆ± = (σˆx ± iσˆy) /2. For b = 0, c = γ and an arbitrary s, the generator Eq. (4.3) describes the coupling between
the qubit and a dephasing channel. For s = 1/2 and b = c = γ, the qubit is coupled to a depolarizing channel.
Whereas, for s = 1 and b = 2c = γ, that is coupled to a decay channel (pure damping channel).
Equivalently, one can use the resulting completely positive map E with χ′ = Eχ to describe the decoherence channels
Eχ =
3∑
j=0
pjσˆjχσˆj . (4.4)
with χ a density matrix for a single-qubit state and
∑3
j=0 pj = 1. These decoherence channels are of practical
interests in quantum information science. This class contains for example: (i) for p0 =
(
1 + 3κ2
)
/4 and p1 = p2 =
p3 =
(
1− κ2) /4 with κ = e−γt E describing a depolarizing channel; (ii) for p0 = (1 + κ2) /2, p1 = p2 = 0 and
p3 =
(
1− κ2) /2 a dephasing channel. Finally, the decay channel is described
Eχ = E0χE†0 + E1χE†2, (4.5)
with the Kraus operators E0 =

 1 0
0 κ

 and E1 =

 0
√
1− κ2
0 0

 [27].
The quantum master equations with the time-local structures are also very useful for the description of non-
Markovian processes. Suppose we have a time-local master equation of the form
d
dt
χ = i
[
Hˆr, χ
]
+K(t)χ, (4.6)
5where K(t) is a time-dependent generator and takes the similar form in Eq. (4.3) with time-dependent parameter γ(t).
If the relaxation rate γ(t) is positive, the generator K(t) takes the Lindblad form for each fixed t ≥ 0. In the
Markovian regime, information encoded in the qubit state leaks to its surroundings and |κ(t)| is a monotonically
decreasing function of times. In the non-Markovian environment, in contrast, information also flows back into the
system of qubit state and a revival of distinguishability (here the spin squeezing parameter) can be observed in the
time evolution. With the definition of non-Markovianity [28], we see that an increase of |κ(t)| leads to a negative rate
γ(t) in the generator K(t). For example, we consider the case of a Lorentzian reservoir spectral density which is on
the resonance with the spin qubit transition frequency and leads to an exponential two point correlation function
f(t) =
1
2
η0γe
−γt. (4.7)
The rate κ(t) is defined as the solution of the integrodifferential equation
d
dt
κ(t) = −
∫ t
0
dt′f(t− t′)κ(t′) (4.8)
corresponding to an initial condition κ(0) = 1. The parameter γ, defining the spectral width of the coupling between
the qubit and reservoir, is connected to the reservoir correlation time τ ≈ γ−1. For a weak coupling regime η0 < γ/2,
the relaxation time is greater than the reservoir correlation time and the behavior of κ(t) is a Markovian exponential
decay. In the strong coupling regime η0 > γ/2, the reservoir correlation time is greater than the relaxation time and
non-Markovian effects become relevant [13, 28–36]. Thus we obtain
κ(t) = e
−γt
2
[
cos
(
dt
2
)
+
γ
d
sin
(
dt
2
)]
, (4.9)
where d =
√
2η0γ − γ2.
We would be interested in the effect of decoherence on the spin squeezing properties of a system including N
two-level particles. A decoherence channel individually coupling to each qubit is considered in this paper, and the
evolution of the kth qubit is described by the map Ek with Pauli operators σˆj (j = 0, 1, 2, 3) acting on qubit k. We
are interested in the dynamical evolution of a given one-axis twisted spin squeezed state ψ of N qubits in the presence
of decoherence. The initial state ψ evolves to a mixed state ρ(t) given by
ρ(t) = E1E2...EN |ψt〉 〈ψt| . (4.10)
For a one-axis twisted spin squeezed state, we consider three kinds of decoherence channels. The modified mean
6spin direction and the orthogonal direction are calculated as
~n′ = (cos (∆t−Nα) , sin (∆t−Nα) , 0) , (4.11)
~n′⊥ = (− cosφ sin (∆t−Nα) , cosφ cos (∆t−Nα) , sinφ) .
Under the influence of the individual dephasing channels which are the main type of decoherence for a spin ensemble,
the spin squeezing parameter of the one-axis twisted spin squeezed state evolves to
ξ2deph(t) =
ζ
cos2N−2 α
, (4.12)
where
ζ = 1 +
1
4
κ2 (t) (N − 1)
(
A− A
2
√
A2 +B2
)
− 1
4
κ (t) (N − 1) B
2
√
A2 +B2
(4.13)
Then the spin squeezing parameter of the one-axis twisted spin squeezed state evolves to
ξ2depol(t) =
ζ
κ2 (t) cos2N−2 α
. (4.14)
under depolarizing. Whereas, the spin squeezing parameter of the one-axis twisted spin squeezed state evolves to
ξ2damp(t) =
ζ{
κ (t) cosN−1 α+ [1− κ (t)]
}2 . (4.15)
under damping.
With the other definition shown in Eqs. (2.3) and (3.7), the spin squeezing parameter ξ′ of the one-axis twisted
spin squeezed states coupled to individual dephasing, depolarizing and damping channels evolves as followings
ξ′2deph(t) =
ζ
(1− 1/N){κ(t)2 + [1− κ(t)2] (1 + cosN−2 2α)/2}+ 1/N , (4.16)
ξ′2depol(t) =
ζ
(1− 1/N)κ(t)2 + 1/N , (4.17)
ξ′2damp(t) =
ζ
1 + (1− 1/N)κ(t)(1− κ(t)) [1− cosN−1 α+ (1 + cosN−2 2α)/2] . (4.18)
The time evolution of spin squeezing parameters ξ and ξ′ of 10 particles prepared initially in one-axis twisted
spin squeezed state coupled to individual dephasing, depolarizing and damping channels are shown in Figs. 2-7,
respectively. We compare the evolution of spin squeezing under Markovian and non-Markovian decoherence. Here
we consider a Lorentzian reservoir and thus the deocherence function κ(t) can be written as exponential decay e−γt/2
modified by a periodical time-dependent function cos(dt/2) + γ/d sin(dt/2). In short time regime, the spin squeezing
property collapses and revives under the influence of either of three kinds of non-Markovian decoherence. With time
7increasing, the part of the exponential decay becomes more important and the spin squeezing property vanishes finally
as that under Markovian decoherence does. The spin squeezing evolving under Markovian decoherence gives a lower
bound of the envelope of that evolving under non-Markovian decoherence shown in Figs 2-7. The two parameters
show different sensitivities to different decoherence channels. Both parameters are robust to damping channel in Figs.
4 and 7 and the squeezing property represented by the parameters ξ and ξ′ lasts for t = 1000. Coupled to the other
two decoherence channels (dephasing and depolarizing channels), the parameter ξ is more sensitive than ξ′. In Figs. 2
and 5, the disappearance times for spin squeezing representing by the parameters xi and ξ′ under dephasing are about
t = 259.99 and t = 318.13, respectively. In Figs. 3 and 6, the disappearance times for spin squeezing representing
by ξ and ξ′ under depolarizing are about t = 68.76 and t = 106.01, respectively. Both parameters ξ and ξ′ are more
sensitive to the depolarizing.
V. CONCLUSION
In summary, we study the dynamics processes of the spin squeezing of a spin ensemble in which each spin is coupled
to an independent and identical decoherence channel. We analytically calculate the dynamics of the spin squeezing
parameters under three different types of decherence. As we know the Heisenberg scaling 1/N in the decoherence-free
case can be achieved. In the presence of Markovian decoherence the spin squeezing property of one-axis twisted
states vanishes with the evolution time. Whereas, in the presence of non-Markovian decohernce and in the short
time limit, the spin squeezing property collapses and revives with the evolution time due to short-time memory effect
during non-Markovian processing. With time increasing, the spin squeezing vanishes finally even under non-Markovian
decoherence. As spin squeezing can be regarded as a measure/witness of multiqubit entanglement, thus our scheme
for the first time shows the collapses and revivals of multiqubit entanglement under non-Markovian decoherence.
Acknowledgments
We would like to thank Yongsheng Zhang and Xiangfa Zhou for useful conversations. This work has been supported
by the National Natural Science Foundation of China under Grant Nos 11004029 and 11174052, the Natural Science
Foundation of Jiangsu Province under Grant No BK2010422, the Ph.D. Program of the Ministry of Education of
China, the Excellent Young Teachers Program of Southeast University and the National Basic Research Development
8Program of China (973 Program) under Grant No 2011CB921203.
[1] C.M. Caves, Phys. Rev. D 23 (1981) 1693-1708.
[2] B. Yurke, Phys. Rev. Lett. 56 (1986) 1515-1517.
[3] M. Kitagawa, M. Ueda, Phys. Rev. Lett. 67 (1991) 1852-1854.
[4] D. Ulam-Orgikh, M. Kitagawa, Phys. Rev. A 64 (2001) 052106.
[5] D.J. Wineland, J.J. Bollinger, W.M. Itano, F.L. Moore, D.J. Heinzen, Phys. Rev. A 46 (1992) R6797-R6800.
[6] A. Andre´, M.D. Lukin, Phys. Rev. A 65 (2002) 053819.
[7] J. Ma, X.G. Wang, C.P. Sun, F. Nori, Phys. Rep. 509 (2011) 89-165.
[8] P. Xue, Phys. Rev. A 86 (2012) 023812.
[9] A.Søensen, L.M. Duan, J.I. Cirac, P. Zoller, Nature 409 (2001) 63-66.
[10] X.G. Wang, B.C. Sanders, Phys. Rev. A 68 (2003) 012101.
[11] G. To´th, C. Knapp, O. Gu¨hne, H.J. Briegel, Phys. Rev. Lett. 99 (2007) 250405.
[12] H.P. Breuer, F. Petruccions, The Theory of Open Quantum Systems (Oxford University Press, Oxford, New York, 2002).
[13] J.S. Xu, C.F. Li, M. Gong, X.B. Zou, C.H. Shi, G. Chen, G.C. Guo, Phys. Rev. Lett. 104 (2010) 100502.
[14] K. Zyczkowski, P. Horodecki, M. Horodecki, R. Horodecki, Phys. Rev. A 65 (2001) 012101.
[15] P.J. Dodd, J.J. Halliwell, Phys. Rev. A 69 (2004) 052105.
[16] T. Yu, J.H. Eberly, Phys. Rev. Lett. 93 (2004) 140404.
[17] X. Wang, A. Miranowicz, Y. Liu, C. Sun, F. Nori, Phys. Rev. A 81 (2012) 022106.
[18] X. Yin, J. Ma, X. Wang, F. Nori, arXiv: 1204.0093.
[19] G.S. Agarwal, R.P. Puri, Phys. Rev. A 49 (1994) 4968-4971.
[20] M. Kitagawa, M. Ueda, Phys. Rev. A 47 (1993) 5138-5143.
[21] B.C. Sanders, Phys. Rev. A 40 (1989) 2417-2427.
[22] Y.C. Liu, Z.F. Xu, G.R. Jin L. You, Phys. Rev. Lett. 107 (2011) 013601.
[23] J. Wesenberg, K. Mølmer, Phys. Rev. A 65 (2002) 062304.
[24] M. Takeuchi, S. Ichihara, T. Takano, M. Kumakura, T. Yabuzaki, Y. Takahashi, Phys. Rev. Lett. 94 (2005) 023003.
[25] G.R. Jin, Y.C. Liu, W.M. Liu, New J. Phys. 11 (2009) 073049.
[26] A. Rojo, Phys. Rev. A 68 (2003) 013807.
[27] M. Hein, W. Du¨r, H.J. Briegel, Phys. Rev. A 69 (2004) 062311.
[28] H. Breuer, E. Laine, J. Piilo, Phys. Rev. Lett. 103 (2009) 210401.
[29] M.M. Wolf, J. Eisert, T.S. Cubitt, J.I. Cirac, Phys. Rev. Lett. 101 (2008) 150402.
9[30] A. Rivas, S.F. Huelga, M.B. Plenio, Phys. Rev. Lett. 105 (2012) 050403.
[31] E. Laine, J. Piilo, H. Breuer, Phys. Rev. A 81 (2010) 062115 .
[32] J.M. Raimond, M. Brune, S. Haroche, Phys. Rev. Lett. 79 (1997) 1964-1967.
[33] T. Meunier, S. Gleyzes, P. Maioli, A. Auffeves, G. Nogues, M. Brune, J.M. Raimond, S. Haroche, Phys. Rev. Lett. 94
(2005) 010401.
[34] J.S. Xu, C.F. Li, C.J. Zhang, X.Y. Xu, Y.S. Zhang, G.C. Guo, Phys. Rev. A 82 (2010) 042328.
[35] B.H. Liu, L. Li, Y.F. Huang, C.F. Li, G.C. Guo, E. Laine, H. Breuer, J. Piilo, Nat. Phys. 7 (2011) 931-934.
[36] J.S. Tang, C.F. Li, Y.L. Li, X.B. Zou, G.C. Guo, H. Breuer, E. Laine, J. Piilo, Europhysics Letters 97 (2012) 10002.
10
0 200 400 600 800 1000
N
0.2
0.4
0.6
0.8
1
Ξ o
pt
FIG. 1: The plot of the spin squeezing parameter ξ for a one-axis twisted spin squeezed state v.s. the number of the qubits N
optimized with respect to α.
0 200 400 600 800 1000
t
0.6
0.8
1
1.2
1.4
1.6
1.8
Ξ o
pt
w
ith
re
sp
ec
tt
o
Α
FIG. 2: The time evolution of spin squeezing of a one-axis twisted spin squeezed state coupled to non-Markovian dephasing
channel representing by ξ v.s. the time t with N = 10, γ = 0.01 and η0 = 10 (in black solid line). For comparison, we plot the
evolution of the spin squeezing under Markovian dephasing with κ(t) = e−0.005t (in red dashed line).
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FIG. 3: The time evolution of spin squeezing of a one-axis twisted spin squeezed state coupled to non-Markovian depolarizing
channel representing by ξ v.s. the time t with N = 10, γ = 0.01 and η0 = 10 (in black solid line). For comparison, we plot the
evolution of the spin squeezing under Markovian depolarizing with κ(t) = e−0.005t (in red dashed line).
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FIG. 4: The time evolution of spin squeezing of a one-axis twisted spin squeezed state coupled to non-Markovian damping
channel representing by ξ v.s. the time t with N = 10, γ = 0.01 and η0 = 10 (in black solid line). For comparison, we plot the
evolution of the spin squeezing under Markovian damping with κ(t) = e−0.005t (in red dashed line).
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FIG. 5: The time evolution of spin squeezing of a one-axis twisted spin squeezed state coupled to non-Markovian dephasing
channel representing by ξ′ v.s. the time t with N = 10, γ = 0.01 and η0 = 10 (in black solid line). For comparison, we plot the
evolution of the spin squeezing under Markovian dephasing with κ(t) = e−0.005t (in red dashed line).
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FIG. 6: The time evolution of spin squeezing of a one-axis twisted spin squeezed state coupled to non-Markovian depolarizing
channel representing by ξ′ v.s. the time t with N = 10, γ = 0.01 and η0 = 10 (in black solid line). For comparison, we plot the
evolution of the spin squeezing under Markovian depolarizing with κ(t) = e−0.005t (in red dashed line).
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FIG. 7: The time evolution of spin squeezing of a one-axis twisted spin squeezed state coupled to non-Markovian damping
channel representing by ξ′ v.s. the time t with N = 10, γ = 0.01 and η0 = 10 (in black solid line). For comparison, we plot the
evolution of the spin squeezing under Markovian damping with κ(t) = e−0.005t (in red dashed line).
